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Abstract

Taking into account uncertainties in water management remains a challenge due to social, economic and environmental changes.
Often, uncertainty creates difficulty in ranking or comparing multiple water management options, possibly leading to a wrong decision.
In this paper, an alternative risk measure is proposed to facilitate the ranking or comparison of water management options under uncer-
tainty by using the concepts of conditional expected loss and partial mean. This measure has the advantages of being more intuitive,
general and could relate to many other measures of risk in the literature. The application of the risk measure is demonstrated through
a case study for the evaluation of flood mitigation projects. The results show that the new measure is applicable to a general decision-
making process under uncertainty.
� 2008 National Natural Science Foundation of China and Chinese Academy of Sciences. Published by Elsevier Limited and Science in
China Press. All rights reserved.
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1. Introduction

Taking into account the ever-present uncertainty in
water management remains a challenge for decision-mak-
ers and a hot research topic due to social, economic and
environmental changes. Although the issues of decision-
making under uncertainty have been addressed in the liter-
atures [1,2], decision-makers are still reluctant to explicitly
consider uncertainty in decision-making. This is due to the
fact that the presence of uncertainties usually adds confu-
sion and complexity to an already complicated task. One
example of such confusion and complexity occurs in the
evaluation or ranking of multiple viable management
options. In water management, the ranking problem
because of uncertainty has been investigated by several

researchers [2–6]. Reda and Beck [4] and Duchnese et al.
[5] utilized Monte Carlo simulations to generate model out-
puts for different management options under uncertainty
and investigated the effects of uncertainty in model outputs
on the ranking of storm water control management
options.

As we know, in decision-making under uncertainty, risk
is a frequently used criterion to evaluate the merit of man-
agement options. Conventionally, risk is defined as an
exposure to undesirable consequences. According to Ref.
[7], this risk has two components: (i) exposure and (ii) the
nature of the undesirable consequences. Exposure is mea-
sured by the probability of encountering undesired conse-
quences, while the second component depends on the
nature of undesirable consequences and the metric used.
In the literature, traditional risk measures which can be
used to deal with the ranking problem include the expected
value method, the min–max method and the Markowitz’s
mean–variance analysis [8,9]. Though traditional, they still
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have a wide variety of applications in water engineering
economic analysis. Duchnese et al. [5] used the expected
value method as the risk measure to rank storm water con-
trol management options. However, these risk measures
are not general and have their limitations. In this paper,
an alternative risk measure is proposed by incorporating
the concepts of conditional expected loss and partial mean
into the decision rule. Afterwards, its capability to rank
management options under uncertainty is investigated in
a flood mitigation project. This proposed risk measure is
regarded as more intuitive, general and building blocks
for computing other risk measures and applying such mea-
sure can add more reliability to decision-making under
uncertainty.

2. Methods: proposed risk measure

As stated in several research works [6], due to uncer-
tainty in performance variables, the ranking of different
management options is not a trivial task. Illustrations of
such ranking problem can be found elsewhere [2,6]. For
the purpose of discussion, two management options,
Option-1 and Option-2, are used herein to explain the deci-
sion rules.

Suppose that B1 and B2 are performance variables for
these two management options, based on which the prefer-
ences are to be judged. Without the loss of generality, let
B1 > B2 indicate that Option-1 is preferred over Option-2
(denoted by Option-1 � Option-2). When the performance
variables B1 and B2 are subject to uncertainty, this decision
situation under uncertainty can be cast into a statistical
hypothesis test problem as shown in Table 1.

When Option-1 is better, the selection of Option-2 (or
rejection of Option-1) would be an erroneous decision.
By the same token, a wrong decision is committed by
selecting Option-1 if Option-2 is truly a better one. When
an erroneous decision is made in either case, loss will occur.
On the other hand, there are two cases where correct deci-
sions can be made, which correspondingly would be associ-
ated with some gains. In this paper, the loss or gain shown
in Table 1 is the main decision criterion used to evaluate
multiple water management options whose corresponding
economic merits or utilities are subject to uncertainty.

2.1. Conditional risk measure

Herein, the concept of conditional expected loss is used
because the losses and gains shown in Table 1 are all con-

ditional. While this concept is often used in economic fields
[10], it has not been used in water resource management.
Therefore, it is meaningful to investigate its usefulness in
water resources management. The new risk measure is
derived by incorporating the concepts of conditional
expected loss and partial mean.

The loss (gain) is the expected loss (gain) under the con-
dition that one knows which management option is actu-
ally better, i.e. the state of nature. When Option-2 is
actually better, the conditional expected loss associated
with the selection of Option-1 can be expressed as

E Loss due to selecting O1 j O2 is betterð Þ ¼ E L1 j O2½ �
¼ E B2 � B1 j B2 P B1½ � ¼ E �ðB1 � B2Þ j B1 � B2 6 0½ �

ð1Þ

where E[L1|O2] represents the conditional expected loss due
to selecting Option-1 when Option-2 is better (represented
by B2 P B1). Similarly, when Option-1 is better, the condi-
tional expected loss associated with selecting Option-2, can
be written as

E L2 j O1½ � ¼ E B1 � B2 j B1 > B2½ �
¼ E B1 � B2 j B1 � B2 > 0½ � ð2Þ

By the same token, the conditional expected gains corre-
sponding to the selection of Option-1 and Option-2 can
be calculated, respectively, as

E G1 j O1½ � ¼ E B1 � B2 j B1 > B2½ �
¼ E B1 � B2 j B1 � B2 > 0½ � ¼ E L2 j O1½ � ð3Þ

E G2 j O2½ � ¼ E B2 � B1 j B2 P B1½ � ¼ E L1 j O2½ � ð4Þ

Eqs. (3) and (4) indicate that the conditional expected gain
associated with one option is equal to the conditional ex-
pected loss for selecting the other option, which is rather
intuitive. Therefore, one only needs to pay attention to
the conditional expected losses. The conditional expected
losses defined in Eqs. (1) and (2) are related to the condi-
tional partial mean, which have been proposed by Buck
and Askin [7]. The conditional partial mean has been used
for economic risk that unifies many less general risk mea-
sures, such as the classical mean-variance analysis.

The partial mean of a random variable is its expected
value over a specified range. If a random variable has a
continuous probability density function f(x) over its entire
range from xlb to xub, the partial mean over a partial range
from c to d is defined as

lðx;c!dÞ �
Z d

c
xf ðxÞdx xlb 6 c 6 x 6 d 6 xub ð5Þ

Special cases for l(x;c?d) include downward and upward
partial means, which can be expressed, respectively, as

ldðx;cÞ �
Z c

xlb

xf ðxÞdx; luðx;cÞ �
Z xub

c
xf ðxÞdx ð6Þ

The conditional partial mean is therefore defined as

Table 1
Outcomes of decision-making under uncertainty.

State of nature Decision

Select Option-1 Reject Option-1(Select Option-2)

Option-1 is better Gain-1: Loss-2:
(B1 > B2) E[G1|O1] E[L1|O2]

Option-2 is better Loss-1: Gain-2:
(B1 < B2) E[L2|O1] E[G2|O2]
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l0ðx;c!dÞ ¼
lðx;c!dÞ

Prðc 6 X 6 dÞ ; l0dðx;cÞ ¼
ldðx;cÞ

PrðX 6 cÞ ;

l0uðx;cÞ ¼
luðx;cÞ

PrðX P cÞ ð7Þ

where PrðX � cÞ is the non-exceedance probability. Appli-
cations of the partial mean can be found in economic fields
[10,11]. In terms of conditional partial mean, Eqs. (1) and
(2) can be expressed as

E L1 j O2½ � ¼ l0dðB;0Þ ¼
Z 0

�1
�bfBðbÞdb

�
PrðB 6 0Þ ð8Þ

E L2 j O1½ � ¼ l0uðB;0Þ ¼
Z 1

0

bfBðbÞdb
�

PrðB > 0Þ ð9Þ

where B = B1 � B2; fB(b) is the probability density func-
tion of a random variable B; PrðB � 0Þ and Pr(B > 0) are
the non-exceedance and exceedance probabilities,
respectively.

Eqs. (8) and (9) are the conditional risk measure pro-
posed in this paper. This risk measure can quantify the risk
associated with the actions of a decision, assessing both the
probability and magnitude of potential losses. Therefore, it
is more general than the traditional risk measures, such as
the expected value method, the min–max method and the
Markowitz’s mean–variance analysis. In this sense, the
conditional risk measure can be used as building blocks
for computing other risk measures.

Table 2 shows the comparisons of the classical methods
and the proposed new method. As presented in this table,
the classical methods need less information than the new
risk measure whereas they can only provide partial infor-
mation on results. Furthermore, they are not general and
concrete enough.

2.2. Decision rule

Without the loss of generality, it is assumed that a larger
performance variable corresponds to a better management
option. The decision rule for selecting between two man-
agement options can be established according to the asso-
ciated conditional expected loss as

If E[L1|O2] < E[L2|O1], Option-1 is preferred (Option-
1 � Option-2);

Otherwise, Option-2 is preferred (Option-2 � Option-1).
The ranking of multiple management options is mainly

made by applying the above decision rule in a way of pair-
wise comparisons. This decision rule indicates that deci-
sion-makers prefer those management options associated
with smaller expected losses when an erroneous decision
is made, which is intuitive enough for understanding.

2.3. Calculation of risk measure

For maintaining reasonable complexity, it is assumed
that both B1 and B2 are normally distributed. According
to Ref. [12], the difference B between B1 and B2 is normally
distributed. Suppose that the mean and standard deviation
of Bi are lB1

and rBi , respectively, for i = 1 and 2. The mean
l and standard deviation r of B1 � B2 are lB1

� lB2
andffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

r2
B1
þ r2

B2

q
, respectively. Therefore, Eqs. (8) and (9)

become

E L1 j O2½ � ¼ l0dðB;0Þ ¼
Z 0

�1
�bfBðbÞdb

�
PrðB 6 0Þ ¼

R 0

�1 �b 1
r
ffiffiffiffi
2p
p e

�ðb�lÞ2

2r2

h i

db

pð�l=rÞ ð10Þ

E L2 j O1½ � ¼ l0uðB;0Þ ¼
Z 1

0

�bfBðbÞdb
�

PrðB 6 0Þ ¼
R1

0
b 1

r
ffiffiffiffi
2p
p e

�ðb�lÞ2

2r2

h i

db

1� pð�l=rÞ ð11Þ

where U represents the standard normal cumulative
distribution.

Analytical formulations of non-exceedance probability
and partial means for some simple distributions can be
found in Ref. [11] and correspondingly the risk value for
these distributions can be obtained. For other distribu-
tions, often numerical solutions are needed to calculate
the conditional expected loss.

3. Results: NPV as performance variable

For demonstrating the use of the proposed risk measure,
a case study is used herein. The case study is obtained from
Xu [13] and aims to evaluate different flood mitigation
options under uncertainty. The performance variable is
the net present value (NPV) of flood damage [13,14]. The

Table 2
Comparison of classical methods and the proposed new risk measure.

Methods Description Advantages Disadvantages

Expected value
method

Ranking options on the
basis of the corresponding
mean value

Easy to implement; Intuitive; only first-order moment needed Only provide partial
information

Markowitz’s
mean–
variance
method

Ranking options on the
basis of mean value plus
variance

Easy to implement; first- and second-order moments needed Only provide partial
information; sometimes a
ranking cannot be derived

Min–max
method

Ranking options on the
basis of extreme value

Easy to implement; extreme value needed Only extreme situations are
considered

New risk
measure

Ranking options on the
basis of conditional
expected loss

Intuitive; general, building blocks for other risk measures; full
uncertainty information (pdf) is provided; Both probability and
magnitude of potential losses considered

Computation-intensive; more
information is needed
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NPV is defined as the sum of costs of different flood miti-
gation options and incurred benefits, e.g. sand and gravel
extraction to the present value of flood damage. In this
way, the larger the net present value becomes, the less
desirable the option is. Correspondingly, the decision rule
becomes: if E[L1|O2] < E[L2|O1], Option-2 is preferred
(Option-2 � Option-1). The detailed model information
can be found in Ref. [14].

In total, five flood mitigation options are considered,
including the current situation (do-nothing case). These
options are roughly described here: (i) Option-0: current sit-
uation; (ii) Option-1: broadening the main river channel by
25 m; (iii) Option-2: deepening the main river channel by
1 m; (iv) Option-3: embankments; and (v) Option-4: spatial
planning options. In this case study, the uncertainties in the
model inputs and parameters are considered since these two
sources of uncertainty are widely recognized as important.
If necessary, other uncertainties can be incorporated as well
for further applications. The detailed uncertainty sources
and their ranges can be found in Ref. [13]. In this study,
uncertainties of different sources are assumed independent
and are propagated into the NPV for each option by Latin
Hypercube Simulation [15], which is more precise for gener-
ating random samples than Monte Carlo sampling, because
the full range of the probability distribution is sampled
more evenly. This sampling scheme is also more efficient
since it needs far less simulation runs than normal Monte
Carlo sampling for achieving same accuracy.

Kolmogorv–Smirnov goodness-of-fit test shows that the
NPV from the five options are all normally distributed. For
example, for Option-3, the test shows that the statistics
value is 0.063 and the critical value is 0.089 at a significance
level of 5%. Therefore, the null hypothesis cannot be
rejected. Fig. 1 shows the probability density functions
associated with the NPV for the five options under consid-
eration. Table 3 shows the sample mean and standard devi-
ation of the NPV value associated with different options.
Both Fig. 1 and Table 3 show large uncertainty in the
NPV, which implies the non-trivial nature of evaluating
the five flood mitigation options.

Since the NPV associated with individual management
option is normally distributed, the difference in NPVs
between pairwise management options is normally distrib-
uted as well [12]. Based on Eqs. (10) and (11), Table 4 gives
the calculated conditional risks associated with different
pairwise management options.

On the basis of the aforementioned decision rule in
Section 2, when E(Li|Oj) < E(Lj|Oi), the first option
(ith option) is the rejected one since, in this case study, a
larger NPV leads to a less desirable option. Table 4 shows
the rankings for pairwise management options as well.
Therefore, the ranking based on the decision rule is
Option-3 � Option-2 � Option-0 � Option-4 � Option-1.
From this calculation, it is known that the information
provided by the proposed risk measure is rather intuitive
and can provide decision-makers with an easy understand-
ing to make a confident decision.

Table 5 presents the rankings based on different meth-
ods. The expected value method and the new risk measure
give the same ranking order, while the min–max method
derives a different one. The min–max method is more suit-
able for pessimistic decision-makers. It is noted from this
table that the Markowitz’s mean–variance rule does not
lead to a conclusive ranking because several options with
a higher mean performance value also have a higher stan-
dard deviation value. As pointed out by Xu and Tung [2],
the rankings of management options are more or less
robust to different ranking methods whereas knowing the
risks involved in pairwise option comparisons can give

Fig. 1. Frequency of NPV for the five flood mitigation management
options.

Table 3
Means and standard deviations of the NPV value (million Euros).

Management options NPV

Mean Standard deviation

Option-0 137.89 32.22
Option-1 53.98 17.62
Option-2 143.51 23.33
Option-3 150.53 20.96
Option-4 114.62 26.78

Table 4
Conditional risks associated with pair-wise management options (million
Euros).

Pairwise options Conditional risks

E(Li|Oj) E(Lj|Oi) Ranking

Option-0 and Option-1 12.59 85.00 Option-0 � Option-1
Option-0 and Option-2 33.87 29.79 Option-2 � Option-0
Option-0 and Option-3 35.74 26.51 Option-3 � Option-0
Option-0 and Option-4 26.25 43.43 Option-0 � Option-4
Option-1 and Option-2 89.64 8.15 Option-2 � Option-1
Option-1 and Option-3 96.57 6.85 Option-3 � Option-1
Option-1 and Option-4 62.85 12.37 Option-4 � Option-1
Option-2 and Option-3 27.76 22.64 Option-3 � Option-2
Option-2 and Option-4 20.05 41.74 Option-2 � Option-4
Option-3 and Option-4 17.49 45.00 Option-3 � Option-4
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decision-makers more confidence to make a comfortable
decision. The same ranking is rather reasonable since all
the methods except the min–max method are largely based
on the expected performance value calculated by the same
sample generated through Latin Hypercube Simulation.

In this case study, goodness-of-fit test shows that the
performance value is normally distributed. This certainly
simplifies the calculation. If the performance value follows
other distributions, numerical solutions are often needed.
This only needs more computation and is not an obstacle
for the application of the proposed risk criterion.

4. Discussion and conclusions

This paper presents and demonstrates the application of
a new risk measure which is proposed based on the condi-
tional expected loss and partial mean, to decision-making
under uncertainty in water management. The traditional
method of measuring risk is to define the risk in terms of
the fluctuation of decision variable (e.g. investment return)
around its expected value while the proposed risk measure
encompasses both consequences and the degree of the
undesirability. Compared to traditional methods, this risk
measure has the advantages of easier interpretation, more
general and could relate many of the previous measures
of economic risk. In the meanwhile, the risk measure can
provide more clear information about the actual differences
of each individual management options and therefore deci-
sion-makers are better informed and expected to make a
good decision for the situation under uncertainty. A side
finding of this case study is that the ranking of different
flood mitigation options is more or less robust to different
methods, which is an interesting point for decision-makers.

Recommendations are given based on this paper. First,
in order to take decision-makers’ opinion into account, it is
advisable to consider the concept of acceptable risk. This
value can be determined through interviews or question-
naire to relevant decision-makers. Therefore, the new deci-
sion rule can be modified as: if the acceptable risk > min
fE½L1 j O2�;E½L2 j O1�g, information is sufficient for deci-
sion-makers to comfortably make a reasonable ranking

under uncertainty. Second, the application of the new risk
measure can be extended to multi-criteria decision-making
which is highly relevant for water management problems
due to the need of integrated assessment. The application
of the new measure to the complicated multi-criteria deci-
sion-making is promising. However, it must be indicated
that, during the multi-criteria decision analysis, the prob-
lem of preference cycle is often met. Solution to such prob-
lem can be found in Ref. [16].
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Option-3 5 – 4 5
Option-4 2 – 2 2
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